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A previous study of nuclear matter in a chiral nucleon-meson model is extended to isospin-asymmetric matter.
Fluctuations beyond mean-field approximation are treated in the framework of the functional renormalization
group. The nuclear liquid-gas phase transition is investigated in detail as a function of the proton fraction in
asymmetric matter. The equations of state at zero temperature of both symmetric nuclear matter and pure neutron
matter are found to be in good agreement with realistic many-body computations. We also study the density
dependence of the pion mass in the medium. The question of chiral symmetry restoration in neutron matter is
addressed; we find a stabilization of the phase with spontaneously broken chiral symmetry once fluctuations are
included. Finally, neutron star matter including beta equilibrium is discussed. The model satisfies the constraints
imposed by the existence of two-solar-mass neutron stars.
I. INTRODUCTION
Recent high-quality observational data of neutron stars set
new stringent constraints for the equation of state (EoS) of
cold and dense matter, otherwise inaccessible by experiment.
The masses of two heavy pulsars were determined with high
precision: J1614-2230 with M = (1.97± 0.04)M⊙ [1], and
J0348+0432 with M = (2.01± 0.04)M⊙ [2]. Only a suffi-
ciently stiff EoS can support such neutron stars against gravi-
tational collapse. While neutron star radii are much less accu-
rately known, the combination of available data makes these
objects nonetheless an indispensable tool to constrain possible
equations of state [3–5].
Theoretical investigations of neutron-rich matter have quite
well converged in recent years. Different approaches, such as
chiral effective field theory (ChEFT [6–8]), chiral Fermi liq-
uid theory [9], as well as Quantum Monte Carlo (QMC) meth-
ods, using either phenomenological interactions [10, 11] or
ChEFT potentials [12–14], agree well in their common over-
lap region of applicability at lower densities.
At higher densities, effects of three-body forces and higher-
order pion-exchange processes become increasingly impor-
tant [15, 16], and it is crucial that any realistic model takes
into account fluctuations and correlations generated by those
mechanisms. A powerful method to study the effects of fluc-
tuations in a consistent and fully non-perturbative way is the
functional renormalization group (FRG [17–21]).
In recent studies [22–24] we have applied FRG methods
to a chiral nucleon-meson model [25, 26] for symmetric nu-
clear matter and pure neutron matter. The present paper ex-
tends these calculations to asymmetric nuclear matter, system-
atically varying the relative proportion of neutron and proton
densities. In Section II we review the setup of the model and
explain how the parameters are adjusted in a mean-field cal-
culation. Section III demonstrates how to include fluctuations
using the framework of the functional renormalization group.
We then study in Section IV the nuclear liquid-gas phase tran-
sition and the equation of state for varying proton fractions.
Section V deals with the in-medium pion mass as a useful test
observable for pionic fluctuations. In Section VI we discuss
the issue of chiral symmetry restoration with emphasis on neu-
tron matter. Finally, in Section VII neutron star matter under
the condition of beta equilibrium is examined and discussed
in view of the new observational constraints.
II. EXTENDED CHIRAL NUCLEON-MESON MODEL
In the hadronic phase of QCD with spontaneously broken
chiral symmetry, the active degrees of freedom are baryons
and mesons (predominantly nucleons and pions). Given that
the equation of state of cold and dense baryonic matter must
be sufficiently stiff to support two-solar-mass neutron stars,
this constraint implies limitations on the baryon densities that
can be reached in the center of the star. Several studies uti-
lizing the observational constraints typically find central den-
sities not exceeding about five times nuclear saturation den-
sity, n0 = 0.16 fm−3 [4, 5, 10]. Under such conditions, ex-
otic compositions with substantial portions of quark matter or
kaon condensates are unlikely. Also, the appearance of hy-
perons would make the EoS too soft unless strongly repulsive
correlations are introduced to sustain sufficiently large pres-
sure gradients at high densities [27–29]. In this work we will
not consider such effects and restrict ourselves to “conven-
tional” nucleon and meson degrees of freedom.
The present approach uses a chiral nucleon-meson (ChNM)
model [25, 26, 30] which has been demonstrated to be
suitable for studying the thermodynamics of baryonic mat-
ter. It is based on a SU(2)L × SU(2)R linear sigma model.
Protons and neutrons are combined in an isospin doublet
field ψ = (ψp, ψn)T and coupled to isoscalar-scalar (σ) and
pion (pi) fields transforming as a four-component field (σ,pi)T
under the chiral group. Long and intermediate range inter-
actions of the nucleons are generated by pi and σ exchange
mechanisms. The nucleon-nucleon forces at short distance
are conveniently described in terms of four-fermion isoscalar-
and isovector-vector current interactions, (ψ¯γµψ) (ψ¯γµψ)
and (ψ¯γµτψ) · (ψ¯γµτψ), respectively, where τ are the
isospin Pauli matrices. A Hubbard–Stratonovich transforma-
tion bosonizes these interactions, introducing effective vector-
isoscalar and vector-isovector fields, ωµ and ρµ, respectively.
In the present study, while fluctuations of the pi and σ fields
2will be included non-perturbatively, ωµ and ρµ are treated as
mean fields. These vector bosons conveniently parametrize
unresolved short-distance physics. They are not to be identi-
fied with the physical omega and rho mesons. The Lagrangian
(in Minkowski space-time) of this extended chiral nucleon-
meson model reads:
LChNM = ψ¯iγµ∂µψ +
1
2
∂µσ ∂
µσ +
1
2
∂µpi · ∂µpi
− ψ¯
[
g(σ + iγ5 τ · pi) + γµ(gω ωµ + gρτ · ρµ)
]
ψ
− 1
4
F (ω)µν F
(ω)µν − 1
4
F
(ρ)
µν · F (ρ)µν
+
1
2
m2v
(
ωµ ω
µ + ρµ · ρµ
)− U(σ,pi).
(1)
The field strength tensors of the vector bosons ωµ
and ρµ are generally given as F
(ω)
µν = ∂µων − ∂νωµ and
F
(ρ)
µν = ∂µρν − ∂νρµ − gρ ρµ × ρν , respectively. Treated as
background fields, only ω0 and ρ30 are non-vanishing and
the non-abelian part of F (ρ)µν does not contribute in practice.
The mass parameter mv associated with the vector fields en-
codes the characteristic scale of unresolved short-distance dy-
namics. Phenomenological boson-exchange models often use
mv ≃ 0.8GeV. In the present approach only the effective
coupling strengths of dimension (length)2,
Gω =
g2ω
m2v
, Gρ =
g2ρ
m2v
,
are relevant. If the vector fields are integrated out, these cou-
plings correspond to the respective local four-fermion NN in-
teractions.
The microscopic potential, U(σ,pi), can be decomposed
into a chirally invariant piece, U0(χ), which depends only on
the chirally invariant square,
χ =
1
2
(σ2 + pi2) ,
and an explicit symmetry breaking term:
U(σ,pi) = U0(χ)−m2pifpi(σ − fpi) , (2)
where mpi and fpi are the physical mass and decay con-
stant of the pion (in practice we use mpi = 135 MeV and
fpi = 93 MeV as in Ref. [30]).
Finite temperatures and chemical potentials are treated
within the Matsubara formalism. The time-component is
Wick-rotated, t→ −iτ and the imaginary time τ is compacti-
fied on a circle with radius β = 1/T , where T is the tempera-
ture. Chemical potentialsµn,p for neutrons and protons are in-
troduced by adding a term ∆SE = −
∑
i=n,p
µi
T
∫
d3x ψ†iψi
to the Euclidean action.
As a first step the model is studied in the mean-field approx-
imation. The nucleons contribute only quadratically and are
integrated out in the path-integral formalism, which leaves us
with a determinant. Next, the bosonic fields are replaced by
space-time independent background fields. A possible pion
condensate is not considered; hence the pion mean field van-
ishes. Rotational invariance implies that the mean field values
of the spatial components ωi and ρi vanish. The only non-
vanishing mean fields are σ, ω0 and ρ30. By a slight abuse
of notation, their mean-field values are in the following de-
noted by the same symbols. The effect of the mean fields is to
generate an in-medium nucleon mass, MN , as well as shifted
effective chemical potentials for the nucleons:
MN = gσ , µeffn,p = µn,p − gωω0 ± gρρ30 . (3)
The ρ30-component introduces an isospin asymmetry. For
symmetric nuclear matter, ρ30 = 0.
The full mean-field potential,
UMF = UF(T, µn,p, σ, ω0, ρ
3
0) + UB(σ, ω0, ρ
3
0) , (4)
is split into a fermionic part (which stems from the fermion
determinant) and a bosonic potential (which is independent of
temperature and chemical potentials):
UF = −2
∑
i=n,p
∫
d3p
(2π)3
[
EN
+
p2
3EN
(
nF(µ
eff
i ) + nF(−µeffi )
)]
,
UB =
Nmax∑
i=1
an
n!
(χ− χ0)n −m2pifpi(σ − fpi)
− 1
2
m2v
(
ω20 + (ρ
3
0)
2
)
,
(5)
whereEN =
√
p2 +M2N , and the Fermi distribution is given
by nF(µ) = (e(EN−µ)/T +1)−1. The χ-dependent part of the
bosonic potential UB is expanded around its vacuum value at
T = 0 and µ = 0, namely χ0 = 12f
2
pi . The first term in the
fermionic potential UF proportional to the integral over EN
has a quartic divergence. This integral can be computed in
dimensional regularization as demonstrated in Ref. [31]:
∆UMF = −M
4
N
8π2
log
M2N
λ2
, (6)
where λ is a renormalization scale. After making the replace-
ment M2N → 2g2χ, this term is added as a non-analytic con-
tribution in χ to the bosonic potential UB. Since the micro-
scopic potential U(σ,pi) is not known a priori, it is not pos-
sible to compute the bosonic contribution UB to the mean-
field potential completely from first principles. Instead, the
parameters an are fitted to reproduce empirical properties of
symmetric nuclear matter and pure neutron matter, as will be
shown in the following.
For given temperature T and chemical potentials µn,p, the
mean-field potential is minimized as a function of its param-
eters σ, ω0 and ρ30. The corresponding mean field equations
are
∂UB
∂σ
= −g ns , gω ω0,min = Gω(np + nn) ,
gρ ρ
3
0,min = Gρ(np − nn) ,
(7)
3with neutron-, proton- and scalar-density functionals defined
as follows:
ni = 2
∫
d3p
(2π)3
[
nF(µ
eff
i ) + nF(−µeffi )
]
, i = n, p ,
ns = 2
∑
i=n,p
∫
d3p
(2π)3
m
EN
[
nF(µ
eff
i ) + nF(−µeffi )
]
.
(8)
The values of the fields at the minimum of the potential are
denoted as σ¯(T, µn,p), ω¯0(T, µn,p) and ρ¯30(T, µn,p), respec-
tively. The potential UMF evaluated at the minimum equals
the grand canonical partition function,
Ω(T, µn,p) ≡ UMF(T, µn,p, σ¯, ω¯0, ρ¯30) . (9)
Pressure p, proton and neutron number densities ni=n,p, en-
tropy density s, and energy density ǫ are determined from the
standard thermodynamical relations:
p = −Ω(T, µn,p) , ni = −∂Ω(T, µn,p)
∂µi
,
s = −∂Ω(T, µn,p)
∂T
, ǫ = −p+ Ts+
∑
i=n,p
µini .
(10)
Next, the parameters of the model are determined, following
Ref. [30]. First, the scalar-pseudoscalar coupling g is fixed to
reproduce the correct nucleon mass in vacuum at T = 0 and
µ = 0, which gives g = 939 MeV/fpi = 10.1. At vanishing
temperature and chemical potential, the minimum must be lo-
cated at σ = fpi with vanishing pressure pvac, and therefore
the mean-field potential must satisfy
UMF
∣∣∣
σ=fpi
= −pvac = 0 ,
∂UMF
∂σ
∣∣∣∣
σ=fpi
= 0 . (11)
The masses of the physical pion field and of the scalar field σ
are:
∂UMF
∂χ
∣∣∣∣
χ0
= m2pi ,
(
∂UMF
∂χ
+ 2χ
∂2UMF
∂χ2
)∣∣∣∣
χ0
= m2σ .
(12)
The mass mσ is a free parameter so far. The ansatz (5) for
the mean-field potential obeying the necessary constraints is
given by:
UMF = −2
∑
i=n,p
∫
d3p
(2π)3
p2
3EN
[
nF(µ
eff
i ) + nF(−µeffi )
]
+
[
m2pi +
g4
4π2
f2pi
(
1 + 2 log
f2pi
2χ
)]
(χ− χ0)
+
1
2
[
m2σ −m2pi
f2pi
+
g4
2π2
(
3 + 2 log
f2pi
2χ
)]
(χ− χ0)2
+
g4
8π2
f4pi log
f2pi
2χ
+
Nmax∑
n=3
an
n!
(χ− χ0)n
−m2pifpi(σ − fpi)−
1
2
m2v
(
ω20 + (ρ
3
0)
2
)
.
(13)
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FIG. 1. Mean-field potential of symmetric nuclear matter as function
of σ at vanishing temperature for µ = µc = 923 MeV.
We observe that the dependence on the renormalization scale
λ has dropped out as it should [31]. Moreover, the mean-field
potential UMF is finite for χ→ 0.
In the following, we chooseNmax = 4, which leaves us with
five free parameters: a3, a4, Gω = g2ω/m2v, Gρ = g2ρ/m2v and
mσ. Some of these parameters are fixed by empirical prop-
erties of symmetric nuclear matter. In the isospin-symmetric
case we have np = nn and ρ30 vanishes identically, as seen
from the mean-field equation (7). Hence, Gρ does not enter
the calculations in this case and there is only a single chemical
potential, µ ≡ µp = µn.
At vanishing temperature, the liquid-gas phase tran-
sition sets in at a critical chemical potential equal to
the difference between nucleon mass and binding energy,
µc =MN −B = 923MeV with B = 16 MeV. As shown in
Fig. 1, the potential has two degenerate minima, where the one
at σ = fpi corresponds to the vacuum, while the minimum at
σc = 69.8MeV corresponds to nuclear matter in its ground
state. Let ω0,c be the expectation value of ω0 for T = 0 and
µ = µc at σ = σc. The effective chemical potential at µc is
given by µc − gω ω0,c. It is equal to the Landau mass, mL, the
effective mass associated with a nucleon quasi-particle exci-
tation at the Fermi surface, i.e., mL =
√
p2F + (gσc)
2
, where
pF = 265MeV is the Fermi momentum at nuclear saturation
density n0 and gσc is the dynamical in-medium nucleon mass.
For symmetric nuclear matter at µ = µc, the neutron and pro-
ton densities are equal and sum up to the nuclear saturation
density n0. With Eq. (7) we find
mL = µc − gω ω0,c = µc −Gωn0 . (14)
Given the Landau mass mL ≃ 0.8MN fixes
Gω = g
2
ω/m
2
v = 5.71 fm2
at mean-field level. As already mentioned, this is the only
relevant combination of gω and mv as long as ω0 is kept as a
non-fluctuating background field. It is the coupling strength
of a corresponding nucleon contact interaction, Gω(ψ†ψ)2.
As mentioned, the condition of a first-order phase transition
at µ = µc implies two degenerate minima of the mean-field
4potential UMF, located at σ = σc and σ = fpi. The mean-field
potential must therefore satisfy the constraints
∂UMF
∂σ
∣∣∣∣
T=0,µc,σc, ω0,c
= 0 ,
UMF
∣∣
T=0,µc,σc, ω0,c
= UMF
∣∣
T=0,µc,fpi ,0
.
(15)
These conditions allow us to solve for a3 and a4 as a function
ofmσ, such that onlymσ remains as a free parameter for sym-
metric nuclear matter. At this point it is important to note that
the sigma mass is not to be identified with the complex pole
which appears in pion-pion scattering in the I = 0 s-wave
channel at
√
s ≃ (500− i 300) MeV [32, 33]. Instead, the
σ boson in our model parametrizes part of the short-distance
interaction. Its value is determined in order to achieve good
agreement with the compression modulusK = 9n(dn/dµ)−1
and the nuclear surface tension Σ =
∫ fpi
σ0
dσ
√
2U [34]. A
good choice is1
mσ = 880 MeV , a3 = 6.87 · 10−2 MeV−2 ,
a4 = 2.05 · 10−4 MeV−4 ,
(16)
which gives K = 293 MeV and Σ = 1.1 MeV/fm2, as com-
pared to the empirical values K = 240± 30 MeV and
Σ = 1.1 MeV/fm2, respectively. The behavior of the liquid-
gas transition and in particular its critical end-point are sensi-
tive to K and Σ. It is therefore important to satisfy the empir-
ical constraints.
Only Gρ remains as a free parameter. Again, only the com-
bination Gρ = g2ρ/m2v enters the equations, corresponding to
the strength of an isovector-vector four-nucleon interaction
Gρ(ψ
†τψ)2. The parameterGρ is fitted to reproduce the sym-
metry energy Esym at nuclear saturation density n0. The sym-
metry energy S(n) is defined as the difference between the
energy per particle of pure neutron matter and symmetric nu-
clear matter at a given density n:
E
A
(n, x) =
E
A
(n, 0.5) + S(n) (1− 2x)2 + . . . ,
S(n) = Esym +
L
3
(n− n0) + . . . ,
(17)
where the proton fraction x = Z/A = np/(np + nn)
is a measure of asymmetry. The L-parameter is related to
the slope of the symmetry energy as a function of density
n around nuclear saturation density. The symmetry energy
and the L-parameter can be inferred from measurements of
neutron skin thickness, heavy ion collisions, dipole polar-
izabilities, giant and pygmy dipole resonance energies, as
well as from fitting nuclear masses. A combined analy-
sis gives values in the range 29MeV . Esym . 33MeV and
40MeV . L . 62MeV [35–37]. Reproducing the symme-
try energy value Esym = 32MeV fixes Gρ = 1.07 fm
2
. All
model parameters are now determined. Next, we go beyond
the mean-field analysis and study the influence of fluctuations.
1 Note that these parameters differ from our earlier study [22], where the
term, Eq. (6), was not explicitly included in the mean-field potential.
III. INCLUSION OF FLUCTUATIONS:
FUNCTIONAL RENORMALIZATION GROUP
Fluctuations beyond the mean-field approximation in the
ChNM model are included using the framework of the func-
tional renormalization group [22]. A proper treatment of fluc-
tuations was shown to improve the agreement with calcula-
tions performed within in-medium chiral effective field theory
[7]. The functional renormalization group (FRG) is a method
to compute the full quantum effective action Γeff from a given
initial action defined at an ultraviolet cutoff scale Λ [17–21].
To this end, an effective action Γk is introduced, which de-
pends on a renormalization scale k. The flow of the effective
action is determined in such a way that it interpolates between
the ultraviolet action at the scale Λ and the full quantum effec-
tive action Γeff = Γk=0 in the infrared limit k → 0. The flow
of Γk as a function of k is given by a functional differential
equation, Wetterich’s flow equation [38]:
k
∂Γk
∂k
= =
1
2
Tr
k ∂Rk∂k
Γ
(2)
k +Rk
, (18)
where Γ(2)k is the second functional derivative of the effec-
tive action with respect to the fields, and Tr stands for Dirac
and isospin traces as well as integration over loop momentum.
Pictorially, the line with the dot represents the full propagator
of the fluctuating degrees of freedom (pions, σ field and nu-
cleons), while the cross symbolizes the insertion of a regula-
tor function k∂Rk/∂k. The regulatorRk ensures that the flow
equation is IR-finite. The fluctuations contributing to the flow
equation at a scale k have momenta peaked around k. The
optimized Litim-cutoff [39, 40] is chosen, namely
Rk(p
2) = (k2 − p2) θ(k2 − p2) , (19)
where p is the three-momentum.
The mass mv associated with the ω and ρ bosons corre-
spond to the inverse range of isoscalar and isovector short-
distance NN interactions. This mass is large compared to
the relevant low-energy scales. Therefore, ω and ρ fluctua-
tions are suppressed and these "frozen" degrees of freedom
are treated as background fields in the mean-field approxima-
tion as before. In contrast, the fluctuations of the pions and (in
order to maintain chiral symmetry) also of the σ are included,
as well as important particle-hole excitations of the nucleons
around the Fermi surface.
For the treatment of the thermodynamics with inclusion of
fluctuations it is useful to compute the flow of the difference
between the effective action at given values of temperature
and chemical potential, Γk(T, µ), as compared to the poten-
tial at the liquid-gas phase transition point at zero temperature,
Γk(0, µc), at which nuclear matter is in equilibrium. In anal-
ogy to Ref. [39], we study the flow of the difference
Γ¯k = Γk(T, µ)− Γk(0, µc) . (20)
5The k-dependence of Γk is given by
k ∂Γ¯k
∂k
(T, µ) =
∣∣∣∣∣
T,µ
−
∣∣∣∣∣
T=0
µ=µc
. (21)
The effective action is treated in leading order of the deriva-
tive expansion, i.e., operators with higher powers in deriva-
tives are not included. We work in the local potential ap-
proximation, which means that a possible anomalous dimen-
sion (a Z-factor) or the so-called Y -term, which includes a
derivative coupling together with higher powers in the fields,
Y (φ) (∂φ)2, are not considered. Moreover, the running of the
Yukawa couplings is ignored. With these simplifications, the
effective action is written as
Γk =
∫
d4x
{
ψ¯i/∂ψ +
1
2
∂µσ ∂
µσ +
1
2
∂µpi · ∂µpi
− ψ¯
[
g(σ + iγ5 τ · pi) + γ0(gω ω0 + gρ ρ30τ3)
]
ψ − Uk
}
.
(22)
As mentioned, the vector fields ω0 and ρ30 appear here only
as mean fields. The complete k-dependence is in the effective
potential Uk. In analogy to the mean-field potential (13), the
effective potential has a chirally symmetric piece, U (χ), the
explicit chiral symmetry breaking term and the mass terms of
the vector bosons:
Uk = U
(χ)
k −m2pifpi(σ − fpi)−
1
2
m2v
(
ω20 + (ρ
3
0)
2
)
. (23)
The second derivative Γ(2) is computed and the Dirac and
isospin trace is performed. Due to the choice of the opti-
mized regulator (19), the only momentum dependence comes
in through a step function, and the momentum integral can
be performed trivially. The remaining flow equations depend
only on the chirally invariant field χ.
The flow of the subtracted chirally symmetric poten-
tial U¯ (χ)k = U
(χ)
k (T, µ)− U (χ)k (0, µc) is computed from the
equation
∂U¯
(χ)
k (T, µ)
∂k
= fk(T, µ)− fk(0, µc) , (24)
with
fk(T, µ) =
k4
12π2
{
3 · 1 + 2nB(Epi)
Epi
+
1 + 2nB(Eσ)
Eσ
− 4
∑
i=n,p
1− nF
(
EN , µ
eff
i
)− nF (EN ,−µeffi )
EN
}
. (25)
Here,
E2N = k
2 + 2g2χ ,
E2pi = k
2 +
∂Uk
∂χ
, E2σ = k
2 +
∂Uk
∂χ
+ 2χ
∂2Uk
∂χ2
,
nB(E) =
1
eE/T −1 , and nF(E, µ) =
1
e(E−µ)/T +1
.
(26)
So far ω0 and ρ30 are constant background fields, to be deter-
mined self-consistently in such a way that the effective po-
tential at k = 0 is minimized as a function of ω0 and ρ30.
Instead, it is possible to introduce a k- and χ-dependence for
these fields, such that the effective potential Uk is minimized
at each scale k for each χ. From Eq. (23) follow the two gap
equations for ω0(k, χ) and ρ30(k, χ):
∂
∂y
[
U
(χ)
k
(
y, ρ30(k, χ)
)
− 1
2
m2vy
2
]∣∣∣
y=ω0(k,χ)
= 0 ,
∂
∂y
[
U
(χ)
k
(
ω0(k, χ), y
)
− 1
2
m2vy
2
]∣∣∣
y=ρ3
0
(k,χ)
= 0 .
(27)
With the help of the flow equation (24) it is possible to rewrite
these gap equations in the following form:
gω ω0(k, χ) =
Gω
3π2
∫ Λ
k
dp
p4
EN
·
∑
r=±1
∂
∂µ
[
nF
(
EN , rµeffp (k, χ)
)
+ nF
(
EN , rµeffn (k, χ)
)]
,
gρ ρ
3
0(k, χ) =
Gρ
3π2
∫ Λ
k
dp
p4
EN
·
∑
r=±1
∂
∂µ
[
nF
(
EN , rµeffp (k, χ)
)− nF(EN , rµeffn (k, χ))
]
,
(28)
where the effective chemical potentials now depend on k and
χ according to
µeffn,p(k, χ) = µn,p − gω ω0(k, χ)± gρ ρ30(k, χ) . (29)
These equations can be considered as generalizations of the
mean field equations (7) in the context of the functional renor-
malization group. After an integration by parts, the gap equa-
tions can be brought into a form similar to Eq. (8), where
the momenta of the nucleons contributing to the mean fields
ω0(k, χ) and ρ30(k, χ) at a certain step are restricted to the
range k ≤ p ≤ Λ, as is clear from the integral boundaries of
Eq. (28). In addition, boundary terms from the integration by
parts appear, which however vanish in the limit k → 0 and for
large cutoffsΛ. In this way, it is possible to show that the flow
equations reproduce the mean field results if bosonic loops are
ignored.
Finally, the ultraviolet potential is fixed in such a way that
for T = 0 and µ = µc the mean field potential (5) is repro-
duced. This guarantees that nuclear matter is described accu-
rately. Moreover, the pion mass and pion decay constant, both
determined from the behavior of the potential at its minimum,
are correctly kept.
As explained in Ref. [22], the input parameters have to be
readjusted in order to reproduce the correct nuclear saturation
density, because the dependence of the minimum of the effec-
tive potential on the chemical potentials is influenced by the
fluctuations. Again, the coupling Gρ is fixed to reproduce a
symmetry energy ofEsym = 32 Mev. The updated parameters
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FIG. 2. Energy per particle of symmetric nuclear matter at T = 0 as
a function of baryon density (in units of n0 = 0.16 fm−3) computed
in the FRG-ChNM model (solid line), as compared to the Akmal-
Pandharipande-Ravenhall EoS (dotted, [27]), and a QMC computa-
tion (dashed, [42])
of the model with inclusion of fluctuations are
Gω =
g2ω
m2v
= 4.04 fm2 , Gρ =
g2ρ
m2v
= 1.12 fm2 ,
mσ = 770 MeV , a3 = 5.55 · 10−3 MeV−2 ,
a4 = 8.38 · 10−5 MeV−4 .
(30)
We choose an ultraviolet cutoff Λ = 1.4 GeV, slightly above
the chiral scale 4πfpi below which the hadronic effective La-
grangian LChNM is applicable. For given temperature T and
chemical potentials µn and µp, the full set of flow equations
(24) and (28) is solved self-consistently using the grid method
[41]. The potential is expanded as a function of χ around
grid points and then matched continuously between any two
adjacent grid points. In this way, the potential is not Taylor
expanded but kept as a general function of χ. Upon expan-
sion of the effective potential around its absolute minimum,
n-point interactions involving pions and sigma fields are gen-
erated in the effective action. In the context of a generalized
linear sigma model, multi-pion and σ exchange interactions
are thus incorporated to all orders. In contrast to (perturbative)
in-medium chiral effective field theory based on a non-linear
sigma model, the n-point correlators in the effective action are
now computed in a fully non-perturbative fashion.
The grand canonical potential Ω is finally obtained by eval-
uating the effective potential as a function of σ at its absolute
minimum. From this grand canonical potential all thermo-
dynamic properties, such as pressure, energy density and en-
tropy, can be derived as in Eq. (10).
IV. FROM ASYMMETRIC NUCLEAR MATTER TO
NEUTRON MATTER
Consider first symmetric nuclear matter at small temper-
atures, which exhibits a first-order transition between a gas
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FIG. 3. The equation of state for different proton fractions x = Z/A
at vanishing temperature. The dashed curve denotes the absolute
minimum of the energy per particle for each asymmetry x. Matter
in the region to the left of the dashed curve is unstable. The dotted
line results from a Maxwell construction.
phase and a nuclear-liquid phase. The absolute minimum of
the energy per particle is located at saturation density n0 and
equals the binding energy, E/A = −B = −16 MeV. In
Fig. 2, the energy per particle at vanishing temperature T is
shown as a function of density in the region of stability2. For
comparison, the equation of state by Akmal, Pandharipande,
and Ravenhall (APR) [27] based on phenomenological two-
and three-body potentials is shown, as well as a Quantum
Monte Carlo (QMC) computation [42]. All results are in very
good mutual agreement, even up to densities as high as three
times nuclear saturation density.
In Fig. 3 the energy per particle at T = 0 as a function
of density is shown for different proton fractions, x = Z/A,
from symmetric nuclear matter (x = 0.5) to pure neutron mat-
ter (x = 0). As the proton fraction x is lowered, the energy
per particle increases, until for x ≃ 0.11 the energy per parti-
cle vanishes at the minimum (the upper endpoint of the dashed
curve in Fig. 3). For even smaller values of x the absolute min-
imum occurs at zero density and nuclear matter is no longer
self-bound. There is still a remnant of the first-order phase
transition, and the density is still discontinuous as a function
of the chemical potential. However, the coexistence region ex-
tends no longer down to vanishing density n = 0. In Fig. 4 the
coexistence regions in a temperature/density-plot are shown
for different proton fractions. For instance, for x = 0.1, the
coexistence region starts at non-vanishing density determined
by a Maxwell construction from the energy per particle, and
depicted as the dotted line in Fig. 3 for x = 0.1. Finally, for x
smaller than a critical value of x = 0.045 the energy per par-
ticle rises monotonously as a function of density. There is no
longer a second minimum and the coexistence region vanishes
altogether, as is seen in Fig. 4.
2 Continuations of curves often extended into the unstable region n < n0
are omitted here.
70.0 0.2 0.4 0.6 0.8 1.00
5
10
15
20
n  n0
T
HM
eV
L
0.5
0.4
0.3
0.2
0.1
x = 0.045
FIG. 4. The liquid-gas coexistence regions for different proton frac-
tions x = Z/A. The trajectory of the critical point is shown as the
dotted line.
FIG. 5. The L-parameter as a function of the symmetry energy cor-
responding to a parameter interval 0.91 fm2 ≤ Gρ ≤ 1.2 fm2.
As the temperature increases, the phase coexistence re-
gion melts until it disappears at a certain x-dependent critical
temperature characterized by a second-order critical endpoint.
From the behavior of the coexistence regions one can read off
the critical endpoint for symmetric matter, which is located at
a temperature T = 18.3 MeV and a density n = 0.053 fm−3.
These values are in excellent agreement with analyses of com-
pound nuclear reactions and multifragmentation experiments,
which give critical temperatures of T = 17.9± 0.4 MeV and
critical densities n = 0.06± 0.01 fm−3 [43, 44]. The trajec-
tory of the critical endpoint as the proton fraction x is varied
is indicated by the dotted curve. We note that our idealized
model ignores surface effects as well as Coulomb repulsion.
In more realistic scenarios at low densities the effects of light
clusters have to be taken into account. However, a study in the
framework of relativistic mean field and microscopic quantum
statistical models showed an only moderate influence of such
effects on the position of the critical endpoint [45].
Next we study in more detail the equation of state for
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FIG. 6. The equation of state for pure neutron matter with Esym =
32 MeV in the mean-field approximation (MF) and with fluctuation
(FRG). The gray band shows QMC results [11] with different spa-
tial and spin structures of the three-neutron interaction, and with
32.0 MeV ≤ Esym ≤ 33.7 MeV.
pure neutron matter in comparison with results of many-body
computations reported in the literature. The coupling Gρ is
fixed to reproduce Esym = 32 MeV. The L parameter cor-
responding to the slope of the symmetry energy as defined
in Eq. (17) is L = 66.3 MeV, close to the empirical range
40 MeV . L . 62 MeV [36]. At this point it is instructive
to examine the relationship between L and the symmetry en-
ergy Esym itself. As demonstrated in Fig. 5 this dependence is
approximately linear.
In Fig. 6 the energy per particle for neutron matter calcu-
lated in the FRG-ChNM model is shown as a function of den-
sity (black line). In comparison, results obtained in a quantum
Monte Carlo study with realistic two- and three-nucleon inter-
actions [11] are shown. Note that in contrast to the mean-field
approximation, the FRG treatment improves significantly the
comparison with realistic ab-initio many-body calculations of
E/A.
Fig. 7 displays a band of calculated FRG-ChNM equa-
tions of state covering a range of symmetry energies,
29 MeV ≤ Esym ≤ 33 MeV, corresponding to an interval
0.91 fm2 ≤ Gρ ≤ 1.2 fm2 of short-range isovector-vector
couplings. Also shown for comparison are the APR equation
of state based on phenomenological potentials [27], results
from chiral effective field theory [5], and different QMC com-
putations using phenomenological [42] and chiral potentials
[13]. The equations of state obtained in the FRG-extended
ChNM model agree quite well with all these results up to den-
sities as high as n = 3n0.
V. PION MASS IN THE NUCLEAR MEDIUM
The pion mass can be extracted from Eq. (26) as
m2pi =
∂Uk=0
∂χ , where the right-hand side is evaluated at the
minimum of the full effective potential at k = 0. The density
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FIG. 7. The equation of state for pure neutron matter. The gray band
are the FRG results with 29 MeV ≤ Esym ≤ 33 MeV. For reference,
predictions from ChEFT (full line, [5]), QMC based on realistic po-
tentials (dashed, [42]), QMC based on chiral potentials (dotted, [13])
as well as the Akmal-Pandharipande-Ravenhall EoS (dashed-dotted,
[27]) are shown.
dependence of the pion mass plays an important role in low-
energy pion-nuclear interactions [46], e.g., in the analysis of
deeply-bound pionic atoms based on the s-wave pion-nucleus
optical potential [47–49]. This is an interesting test case for
the role of pionic fluctuations. The threshold s-wave π− opti-
cal potential for isospin-symmetric nuclei is of the form
Vopt = −
2π
mpi
beff0 n , (31)
where the effective scattering length,
beff0 = b0 −
(
b20 + 2b
2
1
) 〈1/r〉 , (32)
is dominated by the double scattering contribution involv-
ing the isospin-dependent s-wave parameter b1 while the
isospin-even parameter b0 is small (in fact it vanishes in
the chiral limit). The inverse correlation length associated
with the propagating pion in the double scattering process
is 〈1/r〉 = 3pF/2π for a gas of nucleons with Fermi mo-
mentum pF . Thus, the change of the pion mass in medium,
∆mpi(n) ≃ Vopt(n), is governed almost entirely by what the
FRG scheme characterizes as pionic fluctuations, rather than
being driven by the mean-field (Hartree) term linear in the
density n and proportional to b0. Empirically, Vopt ≃ 0.1mpi
at n ≃ n0 = 0.16 fm−3 from the analysis of pionic atoms.
The importance of the double-scattering contribution of or-
der n4/3 to the in-medium pion mass is, of course, realized
also in the chiral effective field theory approach [50–52]. In
Fig. 8 we plot the FRG-ChNM model result for the pion mass
as a function of density for symmetric nuclear matter at van-
ishing temperature. The non-trivial part of the correspond-
ing curve starts at n = n0 because of the first-order liquid-
gas transition. For comparison, the first-order (mean-field)
approximation in the density expansion is shown, together
with a recent in-medium chiral perturbation theory computa-
tion [50]. In agreement with ChEFT and phenomenology, we
ChEFT
RG
linear density
FIG. 8. The in-medium pion mass (normalized to the vacuum mass)
as a functions of density for symmetric nuclear matter at T = 0.
Solid line: FRG-ChNM calculation, dashed line: in-medium chiral
perturbation theory (ChEFT) [50]. Dash-dotted line: leading (linear)
order in the density expansion.
find an enhancement of the pion mass by about ten percent at
nuclear saturation density.
As already noted in Ref. [24], we have not explicitly in-
cluded an isospin chemical potential. Thus a potential source
of isospin breaking is absent. The effect on the equation of
state is expected to be negligible as was deduced from explicit
calculations in chiral effective field theory [53]. In contrast,
this effect cannot be ignored when computing the in-medium
pion mass for asymmetric nuclear matter. The masses of π+,
π− and π0 split in such a medium [54]. For example, the
mass change for a π−at leading order in the density (neglect-
ing the small b0 term) is now driven by the isospin-dependent
parameter b1: ∆m−pi (nn, np) ≃ −(2π/mpi) b1 (nn−np), with
b1 ≃ −0.1m−1pi . In neutron matter, the mass shift is repulsive
for π− and attractive for π+.
VI. CHIRAL SYMMETRY RESTORATION
At low temperatures and small chemical potentials, chiral
symmetry is spontaneously broken. At vanishing chemical
potential, it is known from lattice calculations that chiral sym-
metry is restored in its Wigner–Weyl realization in a rapid
crossover at temperatures above Tc ≃ 155 MeV [55, 56]. It
remains an open question whether this crossover turns into a
first-order chiral phase transition for some positive chemical
potential. If this were the case, there would exist a second
order critical endpoint. Some model calculations based on ef-
fective quark degrees of freedom – such as chiral quark-meson
models or NJL type models – predict a first-order transition
at vanishing temperature for quark chemical potentials, µq,
around 300 MeV (see e.g. [57–61]). Translated into bary-
onic chemical potentials, µB ≃ 3µq , chiral symmetry would
be restored very close to the equilibrium point of normal nu-
clear matter, µB = 923MeV. Nuclear physics with its well-
established empirical phenomenology teaches us that this can
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FIG. 9. Density dependence of the chiral order parameter at van-
ishing temperature for pure neutron matter. Solid line (RG): FRG-
ChNM model calculation. Dashed line (MF): mean-field result.
obviously not be the case. In this hadronic sector of the QCD
phase diagram, nucleons and mesons are the predominantly
active degrees of freedom, and chiral symmetry remains spon-
taneously broken in its Nambu–Goldstone realization.
We now explore chiral restoration in the ChNM model. The
chiral order parameter in this model is the σ field normalized
to the pion decay constant fpi in the vacuum. Its behavior
in symmetric nuclear matter as a function of baryon density
and temperature has been studied previously in refs. [22, 30].
In mean-field approximation [30], chiral symmetry gets re-
stored in a first-order transition at a density as low as n ≃
1.6n0. Once fluctuations are taken into account [22], the chi-
ral restoration transition is shifted to chemical potentials well
beyondµ ∼ 1GeV or densities exceeding 3n0. Similar trends
are found in ChEFT calculations of the in-medium chiral con-
densate,
〈ψ¯ψ〉(n, T )
〈ψ¯ψ〉0
= 1− 1
f2pi
∂F(n, T )
∂m2pi
, (33)
by computing the pion-mass dependence of the free-energy
density, F(n, T ) [7, 62].
The chiral condensate in pure neutron matter has been cal-
culated previously within (perturbative) chiral effective field
theory [63, 64]. Chiral nuclear forces treated up to four-
body interactions at N3LO [64] were shown to work mod-
erately against the leading linear fall of the condensate with
increasing density around n ≃ n0, with a rate of stabiliza-
tion less pronounced than in symmetric nuclear matter. It is
instructive at this point to investigate the density dependence
of the chiral order parameter σ in neutron matter within the
FRG-ChNM model. The non-perturbative FRG approach per-
mits extrapolating to higher densities. Results are presented
in Fig. 9. In mean-field approximation the order parameter
σ/fpi shows a first-order chiral phase transition at a density of
about 3n0. However, the situation changes qualitatively when
fluctuations are included using the FRG framework. The chi-
ral order parameter now turns into a continuous function of
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FIG. 10. The equation of state (pressure versus energy density) of
neutron matter calculated within the FRG-ChNM model, taking beta
equilibrium into account and using Esym = 32 MeV.
density, with no indication of a phase transition. Even at
five to six times nuclear saturation density the order param-
eter still remains at about forty percent of its vacuum value.
Only at densities as large as n ∼ 7n0 does the expectation
value of σ show a more rapid tendency towards a crossover to
restoration of chiral symmetry in its Wigner–Weyl mode. We
thus observe a huge influence of higher order fluctuations in-
volving Pauli blocking effects in multiple pion-exchange pro-
cesses and multi-nucleon correlations at high densities. With
neutron matter remaining in a phase with spontaneously bro-
ken chiral symmetry even up to very high densities, this en-
courages a further-reaching application and test of the FRG-
ChNM model by constructing an equation of state for the in-
terior of neutron stars.
VII. NEUTRON STARS
Neutron stars are electrically neutral objects. To provide
negative charges, the nucleon-meson model has to be ex-
tended by inclusion of electrons and muons. The condition
of charge neutrality is
np = ne + nµ . (34)
Moreover, matter in the interior of a neutron star is subject
to chemical beta equilibrium. Neutron, proton, and electron
chemical potentials are related by
µp + µe = µn . (35)
Electrons and muons are assumed to contribute as free Fermi
gases to the energy density and pressure of the model. Charge
neutrality and beta equilibrium leave only one single chem-
ical potential as a free parameter. With these conditions an
equation of state applicable to the interior of a neutron star
is readily calculated within the FRG-improved ChNM model.
In Fig. 10, the pressure is shown as a function of the energy
density.
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FIG. 11. Mass radius relation for neutron star matter. The mass-
radius constraints from reference [3], the radius constraint [37] and
the two-solar-mass neutron stars [1, 2] are shown for comparison.
Given an equation of state p(ǫ), the mass and radii of neu-
tron stars can be computed from the Tolman–Oppenheimer–
Volkoff (TOV) equations [65–67]
dp(r)
dr
= −G
r2
[ǫ(r) + p(r)]
M(r) + 4πr3p(r)
1− 2GM(r)/r ,
dM(r)
dr
= 4πr2ǫ(r) .
(36)
HereG is the gravitational constant and r is a radial parameter.
The boundary conditions at r = 0 are M(0) = 0 and ǫ(0) =
ǫc, where the central energy density ǫc is varied to generate a
mass-radius curve.
The outer crust of the neutron star consists of an
iron lattice and hence the energy density is that of iron,
ǫFe = 4.4 · 10−12 MeV/fm3. The neutron star radius is then
implicitly defined by the relation ǫ(R) = ǫFe. Finally, the
mass is obtained from the TOV equations as
M = M(R) = 4π
∫ R
0
dr r2ǫ(r) . (37)
Moving inwards from the crust, the nuclei become more neu-
tron rich as the density increases and electrons are captured
[68]. The inner crust contains (possibly superfluid) neutrons.
The crust is frequently parametrized by the Skyrme-Lyon
(SLy) equation of state [69, 70]. This SLy EoS is matched to
the FRG-ChNM model at the point where the energy-density
curves intersect, which happens at a density n ≃ 0.3n0. From
there on to higher densities the FRG-ChNM equation of state
is taken as a model for the neutron star core. We do not con-
sider a possible transition to quark matter, nor do we include
other exotic types of matter such as kaon condensates. Hyper-
ons are also not included as they would generally soften the
equation of state unless strong additional repulsion is intro-
duced for compensation [28, 29].
In Fig. 11 the mass-radius relation of the FRG-ChNM
model obtained from the TOV equations is shown. The
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FIG. 12. Density profile for a neutron star with mass M = 1.97 M⊙
and R = 12.2 km for Gρ = 1.46 fm−2.
gray band of mass-radius trajectories results from us-
ing symmetry energies in an empirically acceptable range
29 MeV ≤ Esym ≤ 37 MeV (or, correspondingly, a range of
isovector-vector couplings 0.91fm2 ≤ Gρ ≤ 1.46 fm2). For
not too small symmetry energies the equation of state is found
to be in agreement with the observed two-solar-mass neutron
stars.
Unlike the precise 2M⊙ mass determinations, the radius
constraints for neutron stars are far less accurate. They are
subject to model dependent assumptions. Nevertheless, limits
on minimal and maximal radii can be inferred from different
sources, such as X-ray burst oscillations, thermal emission,
and stars with largest spin frequency. The result of such a de-
tailed analysis [3] is a rhomboidal region (depicted in gray in
Fig. 11), which a realistic equation of state must intersect. Our
equation of state is in agreement with all these constraints.
For comparison the acceptable radius interval according to
Ref. [37] is also shown.
Figure 12 shows a typical calculated density profile of a
neutron star with massM = 1.97M⊙ usingGρ = 1.46 fm−2
(i.e. a symmetry energy of 37 MeV). It is noteworthy that
even in the center of the neutron star the density does not ex-
ceed about five times nuclear saturation density. The required
stiffness of the EoS does not permit ultrahigh densities in the
inner core of the star. These findings are in agreement with a
corresponding ChEFT computation [5].
The question might nonetheless be raised whether ap-
proaches such as the ChNM model, based entirely on spon-
taneously broken chiral symmetry with pions and nucleons as
degrees of freedom, are still applicable at densities as high as
5n0. Clearly, the mean-field version of the ChNM model with
its first-order chiral phase transition at about 3n0 would not
qualify for such extrapolations. The FRG-improved version
of this model on the other hand, with proper non-perturbative
treatment of fluctuations and many-body correlations, is pre-
pared to deal with dense baryonic matter. Even if the nucleon
mass at n ∼ 5n0 is reduced to less than half of its vacuum
value, chiral symmetry is still realized in the spontaneously
11
broken Nambu–Goldstone phase at such densities, with no
trace of a nearby chiral phase transition.
VIII. SUMMARY AND CONCLUSIONS
A chiral nucleon-meson model, previously designed to de-
scribe isospin-symmetric nuclear matter, has been extended to
asymmetric nuclear matter and neutron matter. Fluctuations
beyond the mean-field approximation are treated using func-
tional renormalization group methods. All parameters have
been fixed to properties of symmetric nuclear matter together
with the empirical symmetry energy.
The behavior of the nuclear liquid-gas phase transition has
been studied in detail. The critical endpoint is in excellent
agreement with empirical data. The equations of state of sym-
metric, asymmetric and pure neutron matter have been com-
puted. With only one additional free parameter (fitted to the
symmetry energy), the equation of state of neutron matter is
in remarkable agreement with advanced many-body computa-
tions for densities up to several times nuclear saturation den-
sity. Likewise, the equation of state of symmetric nuclear mat-
ter is well reproduced in comparison with realistic many-body
calculations.
The in-medium behavior of the pion mass has been ana-
lyzed as a test example for the treatment of fluctuations, in
this case involving dominant double-scattering mechanisms
of the pion in nuclear matter. It is found that the pion mass
is enhanced by about ten percent in isospin-symmetric matter
at nuclear saturation density, consistent with phenomenology
and in-medium chiral perturbation theory.
Moreover, it has been demonstrated that fluctuations be-
yond mean-field approximation play an extremely important
role in stabilizing the chiral order parameter as a function of
density, both in symmetric nuclear matter and neutron matter.
We find that chiral symmetry remains spontaneously broken
in neutron matter up to at least six times nuclear saturation
density. The resulting equation of state in the FRG-ChNM
model turns out to be sufficiently stiff in order to satisfy the
updated constraints imposed by neutron star observations.
ACKNOWLEDGMENTS
This work is supported in part by BMBF and by the DFG
Cluster of Excellence “Origin and Structure of the Universe.”
One of us (W.W.) gratefully acknowledges inspiring discus-
sions with Christof Wetterich.
[1] P. B. Demorest, T. Pennucci, S. M. Ransom, M. S. E.
Roberts, and J. W. T. Hessels, Nature 467, 1081 (2010),
arXiv:1010.5788.
[2] J. Antoniadis et al., Science 340, 1233232 (2013),
arXiv:1304.6875.
[3] J. E. Trümper, Prog. Part. Nucl. Phys. 66, 674 (2011).
[4] K. Hebeler, J. M. Lattimer, C. J. Pethick, and A. Schwenk, ApJ
773, 11 (2013), arXiv:1303.4662.
[5] T. Hell and W. Weise, Phys. Rev. C 90, 045801 (2014),
arXiv:1402.4098.
[6] S. Fritsch, N. Kaiser, and W. Weise, Nucl. Phys. A 750, 259
(2005), arXiv:nucl-th/0406038.
[7] S. Fiorilla, N. Kaiser, and W. Weise, Nucl. Phys. A 880, 65
(2012), arXiv:1111.2791.
[8] J. Holt, N. Kaiser, and W. Weise, Prog. Part. Nucl. Phys. 73, 35
(2013), arXiv:1304.6350.
[9] J. W. Holt, N. Kaiser, and W. Weise, Phys. Rev. C 87, 014338
(2013), arXiv:1209.5296.
[10] S. Gandolfi, J. Carlson, S. Reddy, A. W. Steiner, and R. B.
Wiringa, EPJ A 50, 1 (2014), arXiv:1307.5815.
[11] S. Gandolfi, J. Carlson, and S. Reddy, Phys. Rev. C 85, 032801
(2012), arXiv:1101.1921.
[12] A. Gezerlis, I. Tews, E. Epelbaum, S. Gandolfi, K. Hebeler,
A. Nogga, and A. Schwenk, Phys. Rev. Lett. 111, 032501
(2013), arXiv:1303.6243v2.
[13] A. Roggero, A. Mukherjee, and F. Pederiva, Phys. Rev. Lett.
112, 221103 (2014), arXiv:1402.1576.
[14] G. Wlazlowski, J. W. Holt, S. Moroz, A. Bulgac, and K. J.
Roche, Phys. Rev. Lett. 113, 182503 (2014), arXiv:1403.3753.
[15] K. Hebeler and A. Schwenk, Phys. Rev. C 82, 014314 (2010),
arXiv:0911.0483v2.
[16] I. Tews, T. Krüger, A. Gezerlis, K. Hebeler, and A. Schwenk,
(2013), arXiv:1310.3643.
[17] J. Berges, N. Tetradis, and C. Wetterich, Phys. Rep. 363, 223
(2002), arXiv:hep-ph/0005122.
[18] J. M. Pawlowski, Ann. Phys. 322, 2831 (2007),
arXiv:hep-th/0512261.
[19] H. Gies, in Renormalization Group and Effective Field Theory
Approaches to Many-Body Systems, Lecture Notes in Physics
No. 852 (Springer, Berlin, Heidelberg, 2012) pp. 287–348.
[20] B. Delamotte, in Renormalization Group and Effective Field
Theory Approaches to Many-Body Systems, Lecture Notes in
Physics No. 852 (Springer, Berlin, Heidelberg, 2012) pp. 49–
132.
[21] J. Braun, J. Phys. G: Nucl. Part. Phys. 39, 033001 (2012),
arXiv:1108.4449.
[22] M. Drews, T. Hell, B. Klein, and W. Weise, Phys. Rev. D 88,
096011 (2013), arXiv:1308.5596.
[23] M. Drews, T. Hell, B. Klein, and W. Weise, EPJ web conf. 66,
04008 (2014), arXiv:1307.6973.
[24] M. Drews and W. Weise, Phys. Lett. B 738, 187 (2014),
arXiv:1404.0882.
[25] J. Berges, D. U. Jungnickel, and C. Wetterich, Eur. Phys. J. C
13, 323 (2000), arXiv:hep-ph/9811347.
[26] J. Berges, D. Jungnickel, and C. Wetterich, Int. J. Mod. Phys.
A 18, 3189 (2003), arXiv:hep-ph/9811387.
[27] A. Akmal, V. R. Pandharipande, and D. G. Ravenhall, Phys.
Rev. C 58, 1804 (1998), arXiv:nucl-th/9804027.
[28] S. Weissenborn, D. Chatterjee, and J. Schaffner-Bielich, Nucl.
Phys. A 881, 62 (2012), arXiv:1111.6049.
[29] D. Lonardoni, A. Lovato, S. Gandolfi, and F. Pederiva, (2014),
arXiv:1407.4448.
[30] S. Floerchinger and C. Wetterich, Nucl. Phys. A 890-891, 11
(2012), arXiv:1202.1671.
[31] V. Skokov, B. Friman, E. Nakano, K. Redlich, and B. J. Schae-
fer, Phys. Rev. D 82, 034029 (2010), arXiv:1005.3166.
12
[32] G. Colangelo, J. Gasser, and H. Leutwyler, Nucl. Phys. B 603,
125 (2001), arXiv:0103088.
[33] R. Garcia-Martin, J. R. Pelaez, and F. J. Yndurain, Phys. Rev.
D 76, 074034 (2007), arXiv:hep-ph/0701025.
[34] S. Coleman, Phys. Rev. D 15, 2929 (1977).
[35] M. B. Tsang et al., Phys. Rev. C 86, 015803 (2012),
arXiv:1204.0466.
[36] J. M. Lattimer and Y. Lim, ApJ 771, 51 (2013),
arXiv:1203.4286.
[37] J. M. Lattimer and A. W. Steiner, EPJ A 50, 40 (2014),
arXiv:1403.1186.
[38] C. Wetterich, Phys. Lett. B 301, 90 (1993).
[39] D. F. Litim and J. M. Pawlowski, JHEP 0611, 026 (2006),
arXiv:hep-th/0609122.
[40] J. Blaizot, A. Ipp, R. Mendez-Galain, and N. Wschebor, Nucl.
Phys. A 784, 376 (2007), arXiv:hep-ph/0610004.
[41] J. Adams, J. Berges, S. Bornholdt, F. Freire, N. Tetradis,
and C. Wetterich, Mod. Phys. Lett. A 10, 2367 (1995),
arXiv:hep-th/9507093.
[42] P. Armani, A. Y. Illarionov, D. Lonardoni, F. Pederiva, S. Gan-
dolfi, K. E. Schmidt, and S. Fantoni, J. Phys.: Conf. Ser. 336,
012014 (2011), arXiv:1110.0993.
[43] V. A. Karnaukhov et al., Phys. Atom. Nuclei 71, 2067 (2008),
arXiv:0801.4485.
[44] J. B. Elliott, P. T. Lake, L. G. Moretto, and L. Phair, Phys. Rev.
C 87, 054622 (2013).
[45] S. Typel, G. Röpke, T. Klähn, D. Blaschke, and H. H. Wolter,
Phys. Rev. C 81, 015803 (2010), arXiv:0908.2344.
[46] T. Ericson and W. Weise, Pions and Nuclei (Claderon Press,
Oxford, 1988).
[47] T. Yamazaki et al., Z. Physik A 355, 219 (1996).
[48] E. E. Kolomeitsev, N. Kaiser, and W. Weise, Phys. Rev. Lett.
90, 092501 (2003), arXiv:ucl-th/0207090.pdf.
[49] E. E. Kolomeitsev, N. Kaiser, and W. Weise, Nucl. Phys. A
758, 373 (2005).
[50] S. Goda and D. Jido, Prog. Theor. Exp. Phys. 2014, 33D03
(2014), arXiv:1312.0832.
[51] M. Ericson and T. E. O. Ericson, Ann. Phys. 36, 323 (1966).
[52] T. Waas, R. Brockmann, and W. Weise, Phys. Lett. B 405, 215
(1997), arXiv:hep-ph/9704397v1.
[53] N. Kaiser, Eur. Phys. J. A 48, 1 (2012).
[54] N. Kaiser and W. Weise, Phys. Lett. B 512, 283 (2001),
arXiv:nucl-th/0102062.
[55] A. Bazavov et al., Phys. Rev. D 85, 054503 (2012),
arXiv:1111.1710.
[56] S. Borsányi, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg,
C. Ratti, and K. K. Szabó, JHEP 2010, 1 (2010),
arXiv:1005.3508.
[57] S. Rößner, C. Ratti, and W. Weise, Phys. Rev. D 75, 034007
(2007), arXiv:hep-ph/0609281.
[58] B. J. Schaefer, J. M. Pawlowski, and J. Wambach, Phys. Rev.
D 76, 074023 (2007), arXiv:0704.3234.
[59] K. Fukushima, Phys. Rev. D 77, 114028 (2008),
arXiv:0803.3318.
[60] T. Hell, S. Rößner, M. Cristoforetti, and W. Weise, Phys. Rev.
D 79, 014022 (2009).
[61] T. K. Herbst, J. M. Pawlowski, and B. J. Schaefer, Phys. Rev.
D 88, 014007 (2013), arXiv:1302.1426.
[62] N. Kaiser, P. de Homont, and W. Weise, Phys. Rev. C 77,
025204 (2008).
[63] N. Kaiser and W. Weise, Phys. Lett. B 671, 25 (2009),
arXiv:0808.0856.
[64] T. Krüger, I. Tews, B. Friman, K. Hebeler, and A. Schwenk,
Phys. Lett. B 726, 412 (2013), arXiv:1307.2110.
[65] R. C. Tolman, Proc. N. A. S. 20, 169 (1934).
[66] R. C. Tolman, Phys. Rev. 55, 364 (1939).
[67] J. R. Oppenheimer and G. M. Volkoff, Phys. Rev. 55, 374
(1939).
[68] N. Chamel and P. Haensel, Living Rev. Relativity 11, 10 (2008),
arXiv:0812.3955.
[69] G. Baym, C. Pethick, and P. Sutherland, ApJ 170, 299 (1971).
[70] F. Douchin and P. Haensel, Astron. & Astrophys. 380, 151
(2001), arXiv:astro-ph/0111092.
